Abstract. Quite recently, the first author investigated vanishing coefficients of the arithmetic progressions in several q-series expansions. In this paper, we further study the signs of coefficients in two q-series expansions and establish some arithmetic relations for several q-series expansions by means of Ramanujan's theta functions. We obtain the 5-dissections of these two q-series and give combinatorial interpretations for these dissections. Moreover, we obtain four q-series identities involving the aforementioned q-series, two of which were proved by Kim and Toh via modular forms.
Introduction
Quite recently, Hirschhorn [5] investigated vanishing coefficients of the arithmetic progressions in two q-series expansions. Motivated by the work of Hirschhorn, the first author [7] investigated vanishing coefficients of the arithmetic progressions in following q-series expansions Here and in the sequel, we adopt the following standard q-series notation:
(a 1 , a 2 , . . . , a m ; q) ∞ := (a 1 ; q) ∞ (a 2 ; q) ∞ · · · (a m ; q) ∞ , for |q| < 1.
In [7, Eqs. (1.3) and (1.4)], the first author proved that for n ≥ 0, g 1 (5n + 3) = h 1 (5n + 1) = 0.
Moreover, the first author conjectured the signs of coefficients in q-series (1.2) are periodic from some n. In this paper, we not only confirm this conjecture, but also establish 5-dissections of (1.1) and (1.2) along with combinatorial interpretations for these dissections.
Firstly, we obtain the following 5-dissections of (1.1) and (1.2). h 1 (5n + 2)q n = 1 (q 2 , q 3 ; q 5 ) 2 ∞ (q 2 , q 8 ; q 10 ) ∞ , (1.9)
h 1 (5n + 3)q n = 2 (q, q 2 , q 3 , q 4 ; q 5 ) ∞ (q 4 , q 6 ; q 10 ) ∞ , (1.10)
h 1 (5n + 4)q n = −1 (q 2 , q 3 ; q 5 ) 2 ∞ (q 4 , q 6 ; q 10 ) ∞ .
(1.11)
Therefore we get the following combinatorial interpretations. g 1 (5n) is the number of partitions of n into parts which are ±1, ±2, ±4 (mod 10), where parts ±1 and ±4 appear in two flavours, g 1 (5n + 1) is the twice of number of partitions of n into parts which are ±1, ±2, ±3, ±4 (mod 10), where parts ±2 appear in two flavours, g 1 (5n + 2) is the number of partitions of n into parts which are ±1, ±4 (mod 10), where parts ±1 parts appear in two flavours and ±4 appear in three flavours, g 1 (5n + 4) is the number of partitions of n into parts which are ±2, ±3, ±4 (mod 10), where parts ±2 and ±3 appear in two flavours, h 1 (5n) is the number of partitions of n into parts which are ±1, ±2, ±4 (mod 10), where parts ±1 and ±4 appear in two flavours, h 1 (5n + 2) is the number of partitions of n into parts which are ±2, ±3 (mod 10), where parts ±3 parts appear in two flavours and ±2 appear in three flavours, h 1 (5n + 3) is the twice of number of partitions of n into parts which are ±1, ±2, ±3, ±4 (mod 10), where parts ±4 appear in two flavours, −h 1 (5n + 4) is the number of partitions of n into parts which are ±2, ±3, ±4 (mod 10), where parts ±2 and ±3 appear in two flavours.
By these combinatorial interpretations, we obtain immediately the following corollaries.
Corollary 1.3. For any integer n ≥ 0,
Corollary 1.4. For any integer n ≥ 0,
Corollary 1.5. For any integer n ≥ 0,
Moreover, the first author studied vanishing coefficients in following two general q-series expansions:
where t ≥ 5 is a prime, r, s are positive integers and r < t, s = t. Interestingly, we obtain the following identities of q-series expansions (1.14) and (1.15) for t = 5, which parallel to (1.12) and (1.13). Finally, we define the following two q-series expansion
We also obtain several q-series identities involving (1.1), (1.2), (1.15), (1.24), and (1.25).
Theorem 1.7. We have 
Interestingly, (1.26) and (1.28) are equivalent to (1.30) and (1.31), respectively.
The rest of this paper is constructed as follows. In Sect. 2, we introduce some necessary notation as well as identities involving theta functions ϕ(q) and ψ(q). In Sect. 3, we prove Theorems 1.1 and 1.2. The proofs of Theorems 1.6 and 1.7 are given in Sect. 4 . We conclude in the last section with some remarks to motivate further investigation.
Preliminary results
Ramanujan's general theta function is defined by
The function f (a, b) satisfies the well-known Jacobi triple product identity [2, p. 35, Entry 19]:
2) is used frequently and without mention in the sequel. The two important special cases of (2.2) are [4, Eqs. (1.5.4) and (1.5.5)]
Lemma 2.1. We have The following lemma is the main ingredient for our proof.
Proof. Eq. Finally, we need the following two identities involving ϕ(q) and ψ(q). To obtain (1.4)-(1.7), we first prove two necessary lemmas.
Let k > 0, l ≥ 0 be integers and let G(q) = ∞ n=0 g(n)q n be a formal power series. Define
Employing (3.3)-(3.5), we readily obtain
Now, with the help of (2.7), (2.8), (3.2) , and (3.6), 
Proof. Firstly, replacing q by −q 5 in (2.4), we find that
Combining (2.4) and (3.8) yields
Replacing q by −q in (3.9),
By (3.9) and (3.10),
Finally, substituting (2.5) into (3.11) and replacing q by q 1/4 , we obtain (3.7).
Now we turn to prove (1.4). On one hand, according to [7] , we find that
where
In S 1 , if 2m + 6n ≡ 0 (mod 5), then 2m + n ≡ 0 (mod 5
Similarly, we obtain
14)
15)
16)
Picking out the term involving q 5n in (3.12), applying (3.13)-(3.20) and replacing q 5 by q, we obtain
On the other hand, 
Combining (3.22) and (3.23) yields
Eq. (1.4) follows from (3.1), (3.21), and (3.24). Next we are ready to prove (1.5).
Following the same line of proving (3.21), we obtain
which yields
In view of (2.1) and (2.3),
With the help of (3.27)-(3.30),
Substituting (3.26) and (3.31) into (3.25),
On the other hand,
In light of (3.7), (3.32), and (3.33), we obtain (1.5).
The proofs of (1.6) and (1.7) are similar to that of (1.4). The proof of Theorem 1.2 is similar to Theorem 1.1.
4. Proofs of Theorems 1.6 and 1.7
We only prove (1.16), and the rest can be proved similarly.
From [7] , we have the following representation for
With the aid of (3.22) and (3.23),
Combining (4.2) and (4.3) as well as following the similar strategy of proving (3.22), we obtain
Next, we prove that
We only prove the case H 5,1 (S 1 ) = H 5,2 (T 1 ) here because the proofs of remaining cases are similar. Notice that
Therefore,
Following the similar strategy of proving (3.13), we deduce that
This establishes (1.16). Finally, we are ready to prove (1.26)-(1.29). It follows easily from (2.2) that
According to (4.4)-(4.7) and (4.9), This proves (1.28). The proofs of (1.27) and (1.29) are similar to those of (1.26) and (1.28), respectively.
Final remarks
We close this paper with some remarks. 1) Following the same line of proving (1.16)-(1.19), we can also prove a 1,1,7 (7n + 1) = a 3,3,7 (7n + 3), (5.1) a 1,6,7 (7n + 6) = −a 2,2,7 (7n + 6), There are other identities similar to (5.1)-(5.4) for t = 11. Therefore it is natural to ask whether or not there exist some identities between a r,s,t (n) and b r,s,t (n) for arbitrary prime t, which parallel to (5.1)-(5.4). 2) Following the similar method of proving (1.3) in [7] , we can also obtain g 2 (5n + 3) = h 2 (5n + 1) = 0, h 1 (n)q n .
Following the similar strategy of proving (1.16), we can also obtain g 1 (5n) = − h 1 (5n), g 1 (5n + 2) = − h 1 (5n + 1) = 0, g 1 (5n + 3) = − h 1 (5n + 3).
Of course, we can also obtain similar results for (1.27)-(1.29). It would be interesting to find an elementary proof of (5.6)-(5.13).
